PROPAGATION OF REGULARITY OF LEVEL SETS FOR A CLASS OF
ACTIVE TRANSPORT EQUATIONS

HANTAEK BAE AND JAMES P KELLIHER

ABSTRACT. We prove that for any « € (0, 1), the C1'* regularity of level sets for solutions
to a class of active transport equations is propagated over the existence time of the solution.
This extends a recent result of Bertozzi, Garnett, Laurent, and Verdera for patch boundary
regularity for the aggregation equation.
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1. INTRODUCTION

1.1. Active transport equations. We consider active transport equations of the form,
p+v-Vp=Flp),
v=Kxp, (1.1)

p(0) = po

in RY d > 2. We assume that the function F: R — R is continuously differentiable with
F’ locally Lipschitz and F(0) = 0. To fix terminology, we refer to p as the density of an
unspecified substance (though we impose no requirement on the sign of p) and v as the
velocity field.

‘Throughout this paper we fix a € (0, 1). ‘
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Our purpose is to show that if (subsets of) the level sets of the initial density (that is, sets
on which pg is constant) have C'1® regularity as a curve in 2D, surface in 3D, or hypersurface
for d > 4, then they retain that regularity for the existence time of the weak solution. Hence,
we employ a kernel that neither smooths the density nor introduces additional singularities,
as smoothing would trivialize the problem and adding singularities would prevent the prop-
agation of level set regularity. In short, this means that the kernel must impart to v one
more derivative of regularity than that possessed by p. A not quite completely general form
of such a kernel is

K = RV®, (1.2)

where @ is the fundamental solution of the Laplacian, or Newtonian potential (so A® = §),
and R is a rotation matrix.

In the 2D special case in which F' = 0 and R gives rotation counterclockwise by 90° (so
K = V1®), we obtain the 2D Euler equations without forcing:

Oww +v-Vw =0,
v=VIdxw, (1.3)
w(0) = wy,

where we write w in place of p, and where V1 := (=0, 01). Here, w = curlv := d1v? — dov!
is the vorticity and dive = 0. This was the first instance of an active scalar equation for
which the propagation of striated reqularity, a generalization of the level set regularity in this
paper, was demonstrated—by Chemin [7, 8]. This gave as a special case that the regularity
of the boundary of a vortex patch (initial vorticity the characteristic function of a bounded
domain) is propagated over time (also shown in [2]).

1.2. Aggregation equation. References [7, 8, 20] and all subsequent studies of the vortex
patch problem ([11, 14, 12, 1], for instance) very much rely upon v being divergence-free, both
to derive identities related to transport equations and to obtain estimates in negative Holder
spaces of the regularity of solutions to the resulting transport equations, estimates that do
not hold when divwv # 0. In this paper, we treat the complementary case corresponding to
R = —1I, in which curlv = 0 but divv # 0, choosing

K =-V9. (1.4)

Hence, we have a type of gradient flow, in which dive = —p.
This is the kernel appearing in the aggregation equation with Newtonian potential (the
inviscid form of a limiting case of the Keller-Segel equation),

Op+v-Vp=p?,
v=—-V&xp, (1.5)
p(0) = po.

Then div(pv) = v-Vp+ pdive = v- Vp—p?, so (1.5)1 can be written in the usual divergence
form, O;p + div(pv) = 0. We see that F(p) = p? in (1.5), but we work with a general F,
as it creates no significant additional difficulties and, in fact, the structure of the associated
transport equations are a little clearer in the more general form. It also makes more trans-
parent the comparison to the approach in [3], in which (1.5) is transformed into (1.1, 1.4)
with F' = p(p — 1) = 0 for patch data (see Section 11).
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To get a feel for the problem, let us consider the situation somewhat formally at first. Let
us assume that v possesses a unique flow map, n; that is, n: [0,7] x R? — R satisfies

om(t,x) =v(t,n(t,x)), n0,x)==x. (1.6)

Then (1.1)1 3 can be written as

& p(tn(t ) = F (pltn(t,2))), p(0.2) = pol) (L7)

or in integral form as

plt,n(t,2)) = polz) + /0 F (p(s,1(s,2))) ds. (1)

Fixing € R? and defining p(t) = p(t,n(t,z)), we have p'(t) = F(p(t)), p(0) = po(z).
Since F' is locally Lipschitz (we will also need F’ locally Lipschitz later in the proof of
Proposition 8.2), there exists a unique solution at least up to the possibly infinite time,

" =T"(llpoll oo » F)- (1.9)

If F > 0 then it is easy to see that T™* is a decreasing function of its first argument.
For example, when F(p) = p? as in (1.5), we find (see, for instance, the discussion in [4]),

— po()
p(t) = plt,n(t,x)) = ———~,
(1) = plt.n(t. ) = 20
and T = || parHZolo, where pg is the positive part of pg. Solutions are global-in-time if py < 0.
These formal considerations can be made rigorous and lead to Theorem 1.2, below.

Definition 1.1. Fiz T > 0 and let v: [0,7] x R? — R? be a welocity field that is log-
Lipschitz in space. Let n: [0,T] x RY — R be its unique flow map (as in (1.6)). We
say that p is a Lagrangian solution to (1.1, 1.4) with initial density po if (1.8) holds and
p(t,z) = —divu(t,z) for all (t,z) € [0,T] x R

Existence of weak solutions for the particular kind of striated regularity we will impose on
the initial data will appear as part of the proof of Theorem 2.3. In its proof, however, we use
the following well-posedness result, applied to smooth initial data.

Theorem 1.2. Let pg € LOO(Rd) have compact support, Ky C R, Fiz T > 0 with T < T*.
There exists a unique Lagrangian solution to (1.1, 1.4), and p(t) remains compactly supported
in some K(T) C R?, with K(T) depending only upon T, Ko, and ||po|| ;. Moreover,

le@)ll e < Cllpoll e (1.10)

for allp € [1,00] and t € (0,T), where C = C(T, p, Ko, ||pol| ;,5)-
If po also lies in C**(R?) for some k > 0 then p € L>(0,T;C**(R%)). When k > 1,
p € C¥(0,T; CH*(R%)) and is also the unique, classical Eulerian solution.

Proof. The proof in the case of the aggregation equation (F(p) = p?) is given in [4]; for a
slightly more general case, see [10]. Both proofs are easily adapted to allow the general form
in (1.1);. We note here only that we imposed the restriction that F'(0) = 0 so that the
compact support of p(t) will be maintained for the full time of existence. O

We also have the following formulation of a weak Eulerian solution to (1.1, 1.4):
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Definition 1.3. We say that p € C([0,T]; L*>(R%)) is a weak Eulerian solution to (1.1, 1./)
with initial density po € L*>(R?) if p(0) = po and

/ (pBrp + pv - Vo + (F(p) = p*)p) = 0
(0,T) x R4
for all p € C((0,T) x RY). That is, p satifies (1.1, 1.]) as a distribution on (0,T) x RY.

2. MAIN RESULTS

By patch data in the context of active scalar equations we mean that the active scalar, p in
the case of (1.1), is the characteristic function of a domain. The interest in “patch problems,”
by which we mean the question of whether the regularity of the patch boundary is maintained
over time, seems to have originated in [22], where Yudovich first formulated it for the 2D Euler
equations. Interest was renewed by the survey paper [16], and the question was answered
affirmatively for the 2D Euler equations by Chemin in [7, §].

Actually, Chemin did much more in [7, 8] than address the patch problem. He showed,
roughly speaking, that initial vorticity having C'* regularity in a set of directions measured
by a family of C'* vector fields that together foliate the plane maintain C'* regularity in the
directions of the pushed forward vector fields, which themselves maintain their C'* regularity.
This kind of regularity he called striated. In the case of patch data for a C1® boundary,
the key C'“ vector field would be a tangent vector field on the boundary, extended somewhat
arbitrarily to be C® throughout the plane. The pushforward of this vector field would remain
tangent to the boundary of the patch, and hence imply the C1® regularity of the patch
boundary for all time.

Ideally, we would prove a result for the aggregation equation as general as that proved
by Chemin for the 2D Euler equations. This is not, however, possible for reasons that we
will explain subsequently. What we can show, however, is the following more limited result
(stated more precisely and more fully in Theorem 2.3):

Main result roughly stated: Assume that the level sets of pg are composed
of level sets of C1® functions, v1,...,%y (in the language of Definition 2.1,
each v; is level-set compatible with pg). Then the level sets of p(t) are com-
posed of the level sets of the transported functions, 11 (t),...,¥n(t), whose
level sets remain Cb* for all time. Very roughly speaking, this says that if
the level sets of pg are C1® then the level sets of p(t) remain C* for all time.

For patch data, if pg = 1o, where Q is a bounded domain with a C® boundary, we can
use one C1@ function, 91, that defines 9 in that 9Q = 1, 1(0). If there are multiple patches,
possibly nested, then we simply use one such function for each patch.

So in Theorem 2.3, we assume there are N non-overlapping domains of irregularities in
po characterized in this manner by 1,...,%n, but on the remainder of the plane, pg is
Cle. A difficulty that arises, however, is that the transported functions, 11 (t),...,¥n(t),
are only Lipschitz continuous, even though their level sets turn out to be C*®. To obtain this
regularity, we need to introduce another set of vector fields, Z1,..., Zy, which are parallel
to Vi); for all time and which remain C®. As applied to the patch problem, then, we use
the C* regularity of each Z;, which will be normal to the patch boundary, to give the che
regularity of the boundary.

A precise statement of all this is in Definition 2.1 and Theorem 2.3.

Definition 2.1. Let f, g € L®(R%) and U be an open subset of R?. Recalling that measurable
functions are really equivalence classes of functions defined only up to sets of measure 0, we
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say that f is level-set-compatible with g on U if for some representatives of their respective
equivalence classes, which we will continue to call f and g, each level set of f in U is contained
in a level set of g in U, up to sets of measure zero. (So, for instance, any f is compatible
with a constant function.)

Definition 2.2. We say that an initial compactly supported density py € L>°(R?) is suitable
if there exists a collection (%‘)é\f:l of C1%(RY)-functions with the following properties:
o FEach 1; is level-set-compatible with po on Uj, the interior of supp ;.
e For each j < N, U; is connected and intersects no other Uy.
There exists an open V. C R®, which, together with the Uj’s, cover R,
On 'V, pg is CH2.
There exists ro > 0 such that for all j and all x € OUj, the ball By (x) C V.
|Vipj| > Co on Uj \'V for some fized Cy > 0.

Theorem 2.3. Let pg be a suitable initial density, as in Definition 2.2, and let p be the
unique Lagrangian solution to (1.1, 1.4) given by Theorem 1.2 on [0,T] for some T < T*.
Then p is also a weak Eulerian solution to (1.1, 1.4) as in Definition 1.3 and the following
hold:
(a) Vv € L®((0,T) x RY) with | Vo(t)|| o < Ce®t, where C depends only upon po.
(b) Let 1;(t) be 1 transported by the flow map for v. Then for all t € [0,T7,
IV ()l e < IV (0)]] o ™, (2.1)
;(t) is level-set-compatible with p(t) on the interior of supp;(t) and the level sets of
¥i(t) are Y. Here, C(T) depends continuously on F, po, and T.
(¢) For each j there exists a solution Z; € L°(0,T;C*(R%)) to

8,52]‘ +v- VZj = —Zj Vo — ijv Zj(o) = }/O(,]d)’ (2'2)

and Z;(t) is non-vanishing and parallel to V1);(t) for allt € [0,T]. Here, Yo(il) = /\i<dY0(§)
is defined in Section 3 using a sufficient family of vector field in Definition 4.2.

If po = clq, then we see that p(t) = c(t)1q,, where Q; = n(t,2) and the value of ¢(t) is
derived from (1.7); that is, a patch remains a patch over time. Corollary 2.4 shows that the
boundary of a patch maintains C1® regularity, extending the result in [3] to a general F.

Corollary 2.4. Assume that pg = clq for some constant ¢, where ) is a bounded domain in
R¢ with CY* boundary and having a finite number of connected components. Let p = ¢(t)1q,
be the unique Lagrangian solution to (1.1, 1.4) given by Theorem 1.2. Then 08 is C1< for
all t € (0,T%).

Were pg in C1 on all of R?, Theorem 1.2 would give Vu(t) in C%(R?) for all time, whereas
for the solutions given by Theorem 2.3, Vu(t) is only in L>(R%). Theorem 2.5 shows that
Vu(t) is 5 in the same directions in which p(t) is C1®. For patch data, this is no surprise,
since Vv is C* inside and outside the patch, but for more general initial data it is perhaps
somewhat surprising, since v is recovered from p globally by (1.1)2, and physically one views
the active scalar p as carrying the irregularities in the solution.

A version of Theorem 2.5 for 2D Euler is due to Serfati [20].

Theorem 2.5. Let p, v, 1 be as in Theorem 2.3. There exists a matriz field A € L>(0,T; C*(R%))
such that for all t € [0,T7,

Vo(t) — p(t)A(t) € C*(R?). (2.3)
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The matrix A of Theorem 2.5 has a very simple form: see Remark 10.1.
From Theorems 2.3 and 2.5 we will establish Theorem 2.6.

Theorem 2.6. Let p be the solution to (1.1, 1.}) given in Theorem 2.3. If py € C**(W)
for some open W € RY, where k =0 or 1, then p(t) € C**(n(t,W)) for all t € [0,T] with a
norm bounded over [0,T].

2.1. Overview. A logical starting point for any analysis of the patch problem or its general-
izations is to describe the level sets using a function that has greater regularity than pg itself
(which may have no regularity in directions perpendicular to its level sets), transport this
function by the flow map, and use its regularity to indicate the regularity of the level sets at
time ¢. In Theorem 2.3, this could be 1/;, which has C1® regularity, except that V), (t) fails
to have C* regularity for ¢t > 0.

For an aggregation patch, this difficulty is overcome in [3] by adding a carefully chosen
forcing term to the transport equation for v;, which leads to an evolution equation for Vi;.
The special forcing term cancels a singularity that would otherwise appear in this evolution
equation and allows the authors of [3] to show that the C1® regularity of the boundary
persists over time. (In Section 11 we give a more in-depth explanation.)

As we will see, the evolution equation in [3] is actually that of the wedge product of
d — 1 linearly independent vector fields initially tangent to the patch boundary that are each
separately pushed forward by the flow map. This is in accordance with the approach taken
by Chemin for the 2D Euler equations in [8] and in higher dimension by Danchin in [11], used
to eliminate the apparent singularity that occurs in the evolution equation for V;.

What allows the approach in [8, 11] to work is that the pushforward of any vector field
that is tangent to the level sets initially remains tangent to the transported level sets for all
time. Hence, if we construct a complete set of vector fields, (Y1,...,Yy_1), tangent to the
level sets, we can push these forward by the flow to serve as a framework against which to
assess the regularity of the level sets. Topological considerations make it clear that one set
of vector fields will usually not suffice, but rather an entire family will be needed. The idea
of using such a family goes back to Bony [5] (see the remarks at the end of Chapter 5 of [9]).

In treating the initial data, however, we will encounter a substantial complication that
does not appear for the Euler equations, and it is this complication that makes it impossible
to treat irregularities in the initial data as general as those treated for the Euler equations.

To explain this complication, we must first define what we mean by Y - Vp when p lies only
in L™ with Y € C%(R?) and divY € L®(R%), so Y - Vp does not make sense as a pointwise
product. We interpret this product in the sense of distributions as

Y - Vp:=div(pY) — pdivY.

On the right-hand side, div(pY’) is a distributional derivative (and so a distribution) and
pdivY is a regular distribution. Equivalently, we can define Y - Vp by its action on test
functions:

(Y - Vp, @) = —(p,div(pY)) for all ¢ € C2(RY). (2.4)

Now, suppose that Y - Vp = 0. We would like to interpret this as meaning that p is
constant a.e. in directions given by Y, as it would if Y and p were sufficiently smooth: the
unique flow map for Y would determine its directions and Y - Vp = 0 would mean that p
is constant along the flow lines. (Or, the flow lines form level sets of p.) But Y is only C?,
so flow maps exist for it but need not be unique. And even were Y smooth enough to give
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unique flow lines, Y - Vp = 0 would only mean that (p,div(¢Y)) = 0 for all p € C°(R?),
and it is not easy to show that this means that p is constant a.e. along the flow lines.

The true difficulty with Y - Vp, though, lies not in its interpretation, but in preparing
the initial data in such a way that Yj - Vpg,,—where (po) is a sequence of approximating,
more regular initial densities—is controlled by Yy - Vpg in the appropriate norm. In treating
the 2D Euler equations (1.3) in [7, 8], the appropriate norm is the negative Holder space,
C*~1, which allows wp,, to be prepared in the standard way by mollification, leading easily
to the bound, [|div(wo,nY0)|lca-1 < C||div(woY0)||ga—1- This norm is appropriate, because
div(woYp) is purely transported by the flow (so it is used instead of Yj- Vwy), and the velocity
field is divergence-free, which allows the propagation of regularity in the C*~! norm.

As we will see in Section 8, however, neither Y{ - Vpg nor div(pgYy) are purely transported
by the flow for (1.1, 1.4). We can easily propagate the L> norm of Yy - Vpy and div Y,
but simple mollification of py to obtain p,¢ will not lead to any control on Yy - Vp, o in
L, so this is of no use. Conceptually, we avoid these difficulties by using a family of C1®
hypersurfaces, both to regularize the initial data so that pg,, € C1* and Yy Vg, is bounded
in L*°, and to construct an appropriate family of vector fields against which to measure the
striated regularity as they are pushedforward by the flow map. In actuality, we never define
these hypersurfaces, using only their normal vector fields given by the family of functions
(V).

Beyond preparing the initial data, the core difficulty in proving the propagation of striated
regularity, even for patch data, is showing that the velocity gradient remains Lipschitz over
time. Although our manner of proof is adapted from [7, 8], this core difficulty is handled,
as it is in [1], by adapting Serfati’s [20]. This appears in our use of Lemma 5.1 to establish
(9.5), the key inequality that closes the bounds that yield Vv € L>((0,T) x R9).

Finally, we mention that in 2D, if we assume that divYy = 0, a unique classical flow
map for Yy does exist and the corresponding transport equation has a unique solution, as
shown in [6]. (Such uniqueness does not extend to higher dimension or to non-autonomous
systems.) This would allow us to prepare the initial data in 2D under the assumption that
Vo € C*(R?), div)y = 0, po € L>®(R?), and )y - Vpg = 0. Here, YV is a collection of vector
fields, a sufficient family, as defined as in [8, 11] (or see Definition 4.1, below). We do not
pursue this in detail, here, however, as we are interested in a dimension-independent result.

2.2. Organization of this paper. In Section 3, we fix some notation and make a few
definitions, leaving the definition of a sufficient family to Section 4. In Section 5, we give a
linear algebra lemma due to Serfati that will be used in our proof of Theorem 2.3 to obtain a
refined estimate on Vv in L*°. Section 6 includes a number of lemmas centered around Vv. In
Section 7, we discuss the preparation of the initial data. In Section 8, we derive the transport
equations for the pushforward of a vector field by a gradient vector field. In Section 9, we
prove Theorem 2.3 and Corollary 2.4; in Section 10, we prove Theorems 2.5 and 2.6. In
Section 11, we compare our proof to the proof in [3] of the propagation of regularity of the
boundary of an aggregation patch.

3. NOTATION, CONVENTIONS, AND DEFINITIONS
We define
Msn(R) = the space of all m x n real matrices,

MJ’ = the element at the i-th row, j-th column of M € M,,.,(R),
M; = the j-th column of M € Mp,»n(R),
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M-N=Y> MINI=>" M;-N; forall M,N € Mpn(R),
i, J
where repeated indices appearing in upper/lower index pairs are summed over, but no sum-
mation occurs if the indices are both upper or both lower.

We write |v| for the Euclidean norm of v = (v, 02, -+, v%), [v]* = (v1)2 + (v2)2 4 - - - (v4)2,
For M € M, xn(R), we use the operator norm,
|M| = |m‘a>1(|MU|. (3.1)
vl=

For M in Mgy q(R), let cofac M be its cofactor matrix; thus, (cofac M); = (1) times
the (i,7)-minor of M. Form M in Mixq(R) by letting its first d — 1 columns be Y7, ...,
Y,;_1 and choosing its last column arbitrarily. We can define A;-4Y; to be the last column of
(cofac M), which we note is independent of the last column of M; that is,

Ni<qY; := cofac (Y1 Yoo Yy 4 ')d'

(We are really making a natural identification between the (d — 1)st exterior power, A?~1R?,
which is one-dimensional, and R? itself.) In 2D and 3D,

Ni<2Y; = YiH = (Y2 Y],
Ni<3Y; = Y1 x Yo,

Definition 3.1 (Hélder spaces). Let U C R be open. Then C*(U) is the space of all
measurable functions for which

|f(x) = f(Y)
fll e = fllroorn + Il e < 00, Tl e = sup —————%—.
1 lleo) = 1) + 1oy ey = sup P22
zFy
Note that
1fogllga <N fllga IVglZe s 1foglloa < Iz + [fllga IVllze
£l
1f9llge < 1 fllallgllge s 11/ fllga < ﬁ? (3.2)
1fogllee < 1fllp lgllca -
The last inequality uses the homogeneous Lipschitz norm; if f is in C* then || f Hlip = [l oo

Definition 3.2 (Radial cutoff functions). We make an arbitrary, but fized, choice of a radially
symmetric function a € C°(R?) taking values in [0,1] with a = 1 on B1(0) and a = 0 on
By(0)°. Forr > 0, we define the rescaled cutoff function, a,(x) = a(x/r), and for r,h > 0
we define

prh = ar(1 — ap).

When using the cutoff function pu,,, we will be fixing r while taking A — 0, in which case
we can safely assume that h is sufficiently smaller than r so that u,, vanishes outside of
(h,2r) and equals 1 identically on (2h,r). It will then follow that

Vin(2)] < Ch™t < Oz~ for |z| € (h,2h),
IVien(z)] < Crt < Cla|™! for |z| € (r,2r), (3.3)
Virn =0 elsewhere.

Hence, we also have |V (2)] < C |z| ™ everywhere.
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Lemma 3.3. Let r € (0,1]. For all f € C*(R%), g € L°(RY), we have
‘/v[ﬂrth)](x —y)(f(2) = F(¥)9(y) dy‘ < Ca™ || fllga llgll oo 7 (3-4)
(® is the fundamental solution of the Laplacian as in (1.2).) For all f € L®(R?), we have

\ Jwnv)@ =05 do] = | [ 90)@ - 9)(50) - 10) dy‘

< Ca | fll oo 7

(3.5)

Proof. See Lemma 3.4 of [1]. (In [1], a negative Holder space norm on f was used in place of
L*> in the bound in (3.5), so the bound here, sufficient for our purposes, is not optimal.) [

Definition 3.4. LL = LL(R?) is the space of bounded log-Lipschitz vector fields with

lg(z) — g(y)]
— |z —yllog |z —y|

ol = llgl e +sup{ oy €RL0< [z —y| < }

4. SUFFICIENT FAMILIES

We adapt the concept of a sufficient family as defined in [8, 11] to better suit the manner in
which we prepare the initial data, by organizing the vector fields into frames.

Definition 4.1. Let Y = (Y1,...,Yy) be an ordered set of C vector fields on RY with
Yi = Nj<qYj (see Section 3) and where divYy,...,divYy_; € CYR%Y). We call Y a frame.

Let
Y= (Y Djen = (7, Y jen, b

be a family of frames indexed by A, which in our applications will be finite.
For any function f on vector fields (such as div or the identity map), define

FO) = (PO, F 20D jen (4.2)

and define, for any Banach space X,

IF D)y = s [FV)x.

JEANk<d

Note that we exclude the final vector in each frame. If || f())|| y < oo we say that f()) € X.
Define

I(Y) := inf Y9 (). 4.3
) zlean?elﬁ’| 4 ()] (4.3)

Definition 4.2. With Y as above, we say that Y is a sufficient family if
Ve C¥RY), divy e L*RY), and I(Y) > 0.
Let
Yo = (Yg))jen = (Y "->Y0(,j)))j€A

5

be a sufficient family. For any Yo(j,;), k < d, define its pushforward Yk(j )(t) (see Section 8 for

)

more on pushforwards) by

Y (t,n(t,2)) = (V) (2) - V)n(t, ). (4.4)
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We assume here that Vi € L®((0,T) x R%).) We then let YW () = /\k<dY(j) t) and define
d k
the pushforward Y(t) of ) as

V() = (YD) jen = (VP (1), ... Y (1)) e

5. SERFATI’S LINEAR ALGEBRA LEMMA

Lemma 5.1 is a version of a linear algebra lemma due to Serfati, appearing in various forms
n [18, 19, 20]. The version here is a minor refinement of the version appearing in [1].

Lemma 5.1. For any symmetric B € Mgyq(R), d > 1, we have

P(Y1,...,Y,
1B| < ) d-1) Z|BY|+\trB[ (5.1)
|/\i<d}/i| i=1
where Y1, ...,Yq_1 are any linearly independent vectors in R® and P is a homogeneous poly-
nomsial in Y1,..., Yy 1 of degree ng := 4d — 5.

Proof. Setting Yy = Ap<qY% as in our definition of a frame, form the matrix M by column as
M:=[Y1 - Yg1 Y.

Note that Yy is the last column of M, the cofactor matrix of M (as in our definition of the
wedge product itself in Section 1). Expanding about the last column of M, we see that
\Yd]2 = det M # 0, because we assumed that Y7,...,Y; ;1 are linearly independent.

Now,

MMT = MMT =det M I,
from which it follows that

——= _AMT, A:=MTBM. 5.2
(detM) (52)

Then, noting that A; =Y, - BY}, we can write,

Y,-BY; --- Y,-BY,
A=
Yg1-BYr - Yq.1-BYy
Y,-BY; --- Y, BYy

Because B is symmetric, so is A. Hence, we can replace Y; - BY; in the final column with
Y, - BY}, eliminating BY; from all but Az =Yy - BY,. For Aﬁll, we calculate,

d—1
Al =Y, BY;=M,- BYd_ZM -BY; = > M, BY;,
i=1 i=1

where we used that M,; = Yy. But,

d d
Y M;-BY;=> (M"BM); = tr(M"BM) = tr(MM"B) = det M tr B,
i=1 =1
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SO
d—1
Yy -BY;=det MtrB — ZMi - BY;.
=1
We conclude that

A = E + det M(tr B)D,

where
Yi-BY: -+ Y1-(BY)q Y, BY; 0 -+ 0
E:= . , D=
Yo1 BYi -+ Yaa-(BY)e  Yg-BYi 0 - 0
Yy -BY; -+ Y3 (BY)g_ —Z?;lMi'BYi 0o --- 1
Now,
(MDMT); = MyDfM} = My M} =YY,
or,
MDMT = |, (tr B)Y; ® Yy.
Hence,

M Y 0Y,
det M(tr B)—— DMT| < (trB)M < trB.
|Yal |Yal

As can be easily seen, the square of the operator norm of a square matrix is bounded above
by the sum of the squares of the norms of the columns or of the rows. From this, (5.2), the
bound above, and the form in which we have expressed E, (5.1) follows. The degree and the
homogeneity of P follow from scaling, or from summing the degrees of the factors making it
up. ]

Lemma 5.2. Let U be an open subset of RY, d > 2. Assume that (Y1,...,Yy) is a frame on

U (s0 Yy = NicaYi) with ||Yql|ca > Co > 0. For any symmetric B € Mgyq(R), we have
IBllce < Co*QUIYillga s+ IYa-1llga s 1BYillga s - s [1BYa-1llga) + [[tr Bllga

for some polynomial, Q, the C* norms being over U.

Proof. The result follows from applying (3.2) to the decomposition of B given in the proof
of Lemma 5.1. O

6. LEMMAS INVOLVING THE VELOCITY GRADIENT
Throughout this section, we assume that
peL'NL®RY, v=-Vdxp.
Proposition 6.1 is the extension of (7.12) of [3] to a general p.

Proposition 6.1. We have,

Vou(z) = _p(dx)I - p.v./VV@(x —y)p(y) dy.
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Proof. Let H® be the distributional Hessian matrix of ®. Then,

1
H®=p.v.VVD + E(SOI’

where §p is the Dirac delta function at the origin. Using that v = —V® % p completes the
proof. O

The next proposition is the analog of Proposition 4.2 of [1].

Proposition 6.2. Let Y be a vector field in C*(RY). Then
p(x)Y (x)

p.v. [ VYO~ )Y () ply) dy =~ s div(p) &) - P
Proof. The proof is fairly standard, so we give only an outline. We assume first that p €
C>®(R%). Noting that
(VYo — )Y (y)} = (VVO)*(z — y)YH(y) = 840;0(x — y)Y*(y) = VI;®(x — y) - Y (y),

integration by parts gives
v [ VYR - )Y ) 0t0) dy]] —pov. [ Vo8 — 1) - V() ply) dy
= —lim 9;®(z — y) div(pY)(y) dy + lim 9;®(x —y)p(y)(Y (y) - n) dy,

=0 J BS () 0=0.J9B; ()

where n is the unit outer vector on 0Bs(x). The area integral converges in the limit to 9;®
div(pY) since V@ is locally integrable. For the boundary integral, one replaces Y (y) by Y (),
in which case the boundary integral converges to —p(z)Y?(z)/d. Using that |Y (z) — Y (y)| <
1Y || o |2 — y|®, the error in replacing Y (y) by Y (z) is easily seen to vanish as § — 0. The
result then follows by a density argument. g

Corollary 6.3. Let Y € C*(R%). Then
Y(z) - Vou(z) = —p.v. / VVO(z —y)[Y(z) =Y (y)] p(y) dy + V& * div(pY)(z).
Moreover,

Hp- V. / VV(z —y) [Y(z) = Y(y)] p(y) dy

o S CV(p) HYHCO‘ )

Y- Vo(t)[[ga < CV(p) [Vl + 1div(pY )l L ,

where

Vip) = lpllpe + Hp.v./vvfﬁ(- —y)p(y) dy (6.1)

LOO

Proof. The expression for Y (z) - Vu(z) follows from comparing the expressions in Proposi-
tion 6.1 and Proposition 6.2. The C%-bound on the integral follows from fairly standard
singular integral estimates (for instance, by applying Lemma 3.3 of [1] with the kernel
p(y)VV®(z — y) [Y(x) — Y(y)].) For the bound on the convolution V® * div(pY'), we first
note

[V # div(pY) ¢ < CIV® # div(pY)]

because
—|z — y|log |z — y|
|z —yl*

<C
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when |z — y| < e7!. We then apply the classical estimate ||[V® * f||;; < C||fll s, which
holds for all d > 2 (see [17, Lemma 8.1] for a 2D proof), to obtain

[V® * div(pY)| ; < Clldiv(pY)| poo -
O

The estimate [|[V® x f||;; < C'||f]|;~ will also be used later in the proof of Theorem 2.3
in Section 9.2, (7).

Corollary 6.3 is the extension to a general p of Lemma 7.3 of [3]. We note that the term
V& xdiv(pY)(x) appearing here is cancelled in the setting of [3] by the additional term —pY
appearing in (7.6) of [3].

Remark 6.4. For any 1, j,
(Vo) = 90" = ~0;(0:@ * p) = —(9;0:9)  p = —(9:0;9) * p = (Vo)

so Vv is symmetric, a fact will use in the following sections.

7. PREPARING THE INITIAL DATA

In Proposition 7.1 we prepare the initial data and construct a sufficient family in such a way
as to allow us to adapt the machinery created by Chemin in [7, 8] to obtain the propagation
of striated regularity.

Proposition 7.1. Let py be a suitable initial density, as in Definition 2.2, and let ¢; and
Uj be as in that definition. There exists a sufficient family Vo and a sequence (pon)nen of
functions in C1*(R?), such that:

(i) Each po,, is supported in a fized compact K C RY;

(i3) pon — po in LP(RY) for all p € [1,00);

(iit) |lponllp < llpoll e for allm € N;

(iv) div Yy = 0;

(v) 1Yo -Vponl e <C foralln eN.
The constant in (v) depends upon ||po|| ;e and ().

Remark. Recall that in evaluating a function, such as div, on a frame as in (4.2), we
evaluate the function on all the vector fields in the frame except for the final one.

Proof. Because we deal only with initial data in this proof, we drop the time zero subscripts,
writing p and ), for instance, for pg and ). Recall from Definition 2.2 that U; is the interior

of supp ;.

Since Uj is connected, ¢;(U;) = (aj,bj) for some —oco < a; < bj < oo. Because 1; is
level-set-compatible with p on U; as in Definition 2.1, p o LZJ;lZ (aj,bj) = R is well-defined:
for any r € (aj,b;), po 1/);1(7“) = p(z), where z is any point in U; for which v;(x) = r. For
any n € N, we can then define

Pin: Ui = R, pjn = (yn * Eolpotp; ) o1y,
where & is extension by zero from the domain (aj,b;) to all of R, and (pc)<>1 is a family of 1D
mollifiers with p.(-) = e~%u(-/¢) and p1 supported is on (—1,1). Because 1 /n *Eo(powj_l) €

C*(R) and v¥; € CH*(R?), we see that p;, € CL*(R?).
Any level set of 1); maps to a level set of p;,,, so 9; is level-set compatible with p; , on Uj.
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Let rg be as in Definition 2.2 and define
Uj/ = {ZE ceUj: diSt(x,an) > 7’0/2}.

(Note that U J’ could be empty, though only if U; C V, in which case we disregard U; entirely.)

Construct a partition of unity ((pj);v: ! with the property that for all j < N, ¢; = 1 on

Uj and ¢; = 0 on R4\ Uj. Then let pni1 =1 — >_j<n #j- Note that at each point in its
support, on11 =1 — ¢; for one j.
For any n € N, define p,, by

N
P = Z PjPjn T PN+1P-
j=1

Noting that p € C1*(V) and supp pny1 C V, we see that p, € CV*(RY), and the p, are
supported in a common compact K C R? since p is compactly supported, giving (7). Basic
properties of (1D) mollification give (7i) and (7).

It remains to construct a sufficient family ) satisfying (iv) and (v). In 2D, we need only
N + 1 frames. We define the jth frame, YY) = (Yl(]),YQ(J)), by choosing

Yl(j) — VJ_/(/]j7 }/2(3) — ijv

noting that div Yl(j ) = 0, giving (7). For (v), v; is level-set compatible with p;, on Uj, so
Yl(]) -Vpjn =0. Also, Yl(]) vanishes on Uy, for k # j. Hence,

N
Yl(]) -Vpn = Z (gale(J) “Vppn + pk,nyl(J) : V@k) + SDN+1Y1(J) -Vp+ PY1(]) VNt
k=1

Y Vot + oD Vp 4 oY) Vs,

Since also p is in C*(supp ¢ 1), we see that each of the terms above is bounded in L,
from which (v) follows.

Finally, since p is C1® on Uy 1, we can set Yl(N+1) =Vi(oniier), YQ(NH) = (YI(NH))J-,
and we can see that the family of frames, ) = (Y(l), .. ,Y(N+1)), is sufficient.

The argument for d > 3 is similar to that for 2D, though now we need multiple frames
to “cover” each Uj—these frames are given by applying Lemma 7.3, below, with W = Uj,
W' =U ]’-, and ¢ = 1, to provide a family of frames Z;. The full family of frames is obtained
as the union, ) = Z; U --- U Zy with one final frame added to cover Uyy1 by applying
Lemma 7.3, again with W =V, W' =V \ U;U}, and ¢ = pni121. O

It is shown by Foote in [13] that for a bounded domain  C R?, if 9Q is C* for k > 2 then
there is a tubular neighborhood U of the boundary in the sense that every point in U has
a unique closest point on 92. Moreover, although the projection map P: U — 02 to this
closest point is only C*~1, the signed distance function, §(x) = =+ dist(z, 992), chosen positive
(negative) if z is outside (inside) is C¥ on U. The very simple and clean proofs in [13] extend,
with almost no change, to a C1'® boundary, from which we can conclude that 6 is Ch* and
P is C* on U. Using this J, it is not hard to apply Proposition 7.1 to obtain the following:
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Corollary 7.2. Let Q C R? be a bounded domain with CH* boundary and a finite number
of connected components. Then pg := clq, where ¢ is a constant, is a suitable initial density
as in Definition 2.2.

We used the following lemma in the proof of Proposition 7.1.

Lemma 7.3. Let W and W' C W be nonempty open subsets of R?. Let ¢p € CH*(R?) with
V)| > Cy > 0 on W'. Then there exists a family of frames,

k k
z=(z",....z")i,,

with each ZJ(.k) in CY(W) and for which div Z]( ) = ZJ(.k -V =0 for all j < d. Moreover,
Ilw(Z) > 0, where Ly is defined as in (4.3), but restricted to W’'.

Proof. To illustrate the approach, we first show how to choose Z when d = 3. We set

7 = (~0s,000,0), 23" = (~059,0,019),
= (Do1p, =011, 0), Z§2) = (0, =031, 1),
ng) = (831/}707 _811/)7 )7 Zég) = (O 83w’ _821/})

We also set Zék) = Z%k) A Zék) for each k. Then, div ZJ( ) =0 and Z VLZJ =0 for all j < 3,
k < 3. Moreover, for any o € W/, at least one component of Vw(aro), Ok (x0), must have
|Ok| (z0) > Co/V/3. Since V) is continuous, dytp > Cp/2+/3 on some open set containing
xo. Moreover, it is clear that ka) and Zék) are linearly independent, and that locally to xg,
\Zék)| = |V¢|* > C? is bounded away from zero. This implies that Z|y(Z) > 0.

We next take d = 4. We set

2 = (=091, 011,0,0),  Z8) = (—05,0,010,0), 25" = (~0ub,0,0,01),
2 = (O, —011),0,0), (2) = (0, ~ 03,020, 0), 25 = (0,~4,0,050),
£‘°’) (03,0, — 015, 0), (3) = (0,850, —021,0), 2 = (0,0, ~ 0w, Bs)),
W — (949,0,0, -0, Zé“) (0,04%,0, —0x0p),  Z5" = (0,0, a1, —D30)).

We also set Zi ) = (k) A Z( YA ?Ek) for each k. We see that on all of W, div Z](.k) =0 and

Z J(.k) -V = 0 for all j < 4, k < 4. Moreover, for any xg € W', at least one component of

Vi(xo), Oxtb(xo), must have |0x)| (zg) > Cp/2. Since V) is continuous, dy1p > Cp/4 on some

() 70 70

open set containing xg. Moreover, it is clear that Z; are linearly independent,

and that locally to zo, |Z£k)\ = |Vy|> > C2 is bounded away from zero. This implies that
Zlw(2) > 0.
The extension to any d > 2 is then clear. O

8. PUSHFORWARDS AND TRANSPORT

We establish the basic transport equations for Y, divY, and Y - Vp in Proposition 8.1, and
use them (in part) to establish the bounds in Proposition 8.2.

Proposition 8.1. Assume that p is a solution to (1.1, 1.4) for which the velocity, v, is at
least Lipschitz continuous in space uniformly in time and that Vp(t) is at least continuous
in time and space. Let n be the corresponding unique flow map for v as in (1.6). Define the
pushforward of the vector field Yy € C*(RY) by

Y (t,n(t.2)) = Yo(w) - Vn(t,x). (8.1)
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Then,
Y +v-VY =Y - Vo, (8.2)
B divY +v-Vdivy = —Y - Vp, (8.3)
(Y -Vp)+v-V(Y-Vp)=F(p)Y - Vp. (8.4)

Proof. By our assumptions, div(pY) and Y - Vp are continuous in time and space. The
identity in (8.2) is classical. Taking the divergence of each side of (8.2), we obtain

OdivY +v-Vdivy =Y - Vdive = =Y - Vp,

giving (8.3).
Using (1.7) and (8.2), we have

SO En(t,2)) = ot 2)) 5 Y (6(t,2)) + ¥ (60(t, ) 5 ple,(1,2)
- p(t, "7(@ x))(Y ’ VU)(ta n(tv x)) + F (p(t, 77(757 x))) Y(tv 77(757 iL‘)),
which we write more compactly as

h(pY)+v-V(pY)=pY  -Vu+ F(p)Y.

Noting that the derivation of (8.3) from (8.2) did not use the specific definition of Y in
(8.1), the same argument applies with pY in place of Y. We have, however, the additional
term on the right-hand side,

div(F(p)Y) =Y -V(F(p)) + F(p)divY = F'(p)Y - Vp + F(p)divY,

(8.5)

so we conclude that
O div(pY) +v - Vdiv(pY) = —pY - Vp+ F'(p)Y - Vp+ F(p)divY. (8.6)
Then, since div(pY) =Y - Vp+ pdivY, we have
O div(pY) + v - Vdiv(pY)

=0(Y -Vp)+ p(0rdivY +v-VdivY) + (Op+v-Vp)divY +v - V(Y - Vp)

=0(Y-Vp)+v-V(Y - -Vp)—pY -Vp+ F(p)divY,
where we used (1.1); and (8.3). By (8.6) it follows that

(Y -Vp)+v-V(Y -Vp)=F(p)Y - Vp,

which is (8.4). O

Proposition 8.2. Assume that py is a suitable initial density as in Definition 2.2, let
(pon) and the sufficient family Vo be given by Proposition 7.1, let (p,) be the correspond-
ing C1(0,T; CH*(RY))-solutions to (1.1, 1.4), and let Y, be the pushfoward of Y by the flow
map, M. If divYy = Yo - Vpon = 0 on the open set W then divY,(t) = YV, - Vp, = 0 on
N (t, W) for allt € [0,T]. Moreover,

1Va - Von (@)l < 1Yo - Vpoll oo 7T,

Idiv Yall o < 1) - Vpoll oo 7T,

Proof. Fix x € W and let Yy be one of the first d — 1 vector fields in any frame in ). Define
9(t) == Yo - Vpu(t,na(t, ),  h(t) :=divYa(t,ma(t, 2)), p(t) = pnlt,mn(t, ),

(8.7)
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where Y,, = Y,,(¢) is the pushforward of Yj by the flow map, n,. Then from (8.3) and (8.4)
we see that g(t), h(t) solve the ODEs,

g9(t) = F'(p(t))g(t), g(0) =Yo- Vpon(z),
h(t) = —g(t), h(0) = div Yo (z).

Along flow lines, p is Lipschitz continuous (as we can see from (1.8)), so p is locally Lipschitz.
Also, since h(0) = 0 for all x € R? (by Proposition 7.1) and g(0) = 0 for x € W, we see that
Y - Vp(t,x) =divY (t,xz) =0 for x € n(t, W).

Since we assumed that F” is locally Lipschitz, we can integrate the equations for g then h
to obtain (after calculating that (log g(t)) = F'(p(t)) and using that h(0) = 0 on R%),

t t
ot) = 9O exp [ F(p(s) ds. bt = = [ as)ds
Since p € L>([0,T] x R?), |F'(p(s))] < C(T). This gives the simple bounds,
lg(®)] < e“Drg(0)],  [h(B)] < te“ T [g(0)],
from which, along with (v) of Proposition 7.1, (8.7) follows. O

Proposition 8.3, which we will apply in the proof of Theorem 2.6, gives estimates on the
propagation of local regularity of the density. Whereas in Proposition 8.2 we needed to work
with regular solutions to make sense of the pushforward of )y and to make sense of the term
Y -Vp appearing in the transport equations, in Proposition 8.3, we need only the regularity of
a weak solution. Without, however, higher regularity of the flow map, such as that obtained
in Theorem 2.3, the bounds will all be infinite.

Proposition 8.3. Let p be a weak Lagrangian solution to (1.1, 1.4) with initial density po,
as in Definition 1.1. Then for any open set W C R¢,

o)l ca ey < lleollca) LCMt+al(t)
IV 00| o ey < IV 20l oo aary €7, 55

C(T)t+J -1
IV e lenguieary < I¥p0llca ) €OV ooy
where J(t) == fot IVu(s)|| e ds and C(T) depends continuously on F, ||po|| e, and T.

Proof. Before proceeding further, observe that

V0Ol oo [V ()] e < €7@, (8.9)
The bound on the forward flow map follows directly from the integral form of (1.6),
t
o) o+ [ olsn(s.o)ds, (8.10)
0

while the bound on the inverse flow map is derived later in Lemma 8.4.
Let

L(s,z) := p(s,n(s,x)).

Then (1.8) can be expressed in the form,

L(t,z) = po(x) —|—/0 F(L(s,z))ds. (8.11)
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Applying Osgood’s lemma (see ([9, Lemma 5.2.1]), we see that
L2 gy
S =
This gives the finite time, 7%, up to which L(¢, z) remains bounded by some constant C(T'):

this is the origin of (1.10). That is, || L(t)|| ;e = [|p(t)]| ;e < C(T'), and there exists a bounded
E C(0,T) x R such that

image(L) C E.

That E is bounded will be important when applying (3.2), which we do multiple times below.
Returning to (8.11), we can put the bound on ||L(%)| ;- in the form

IZ@)llzoe = ()] < llpoll e €T, (8.12)

though we have no effective method for calculating C'(T"), which also depends upon pg, without
an explicit choice of F'.

We now bound L(t) in C*(W) and C'+*(W). So assume x € W. Then from (8.11),

t
L ey < Noollgaqy + /O 1| oo iy L)l sy s
where we used (3.2). Thus, using also (8.12),

1Ll ey < Nlpoll oy e

follows from Gronwall’s lemma.
Similarly, applying V to (8.11) gives

VL(t,2) = Vpolx) + / " F(L(s,2))V (s, ) ds. (8.13)
Hence, i
IV LDy < 19l + [ ey I 203) oy
and Gronwall’s lemma then gives
IV L@ oo wry < 1V 00l oo uary € (8.14)
We can also use (8.13) to bound the C“ norm. First, observe that by (3.2),
P gy = I (LD + 05,2 s
< CT) + [[F' iy 1L () ¢y < CT),

by our earlier bound on HL(t)HC'a(W)' Hence,
t
HVL(t)Hca(W) < HVP0||Ca(W) "‘/0 “F/(L('S?x))“ca(w) HVL(S)Hca(W) ds

t
< sl + €@ [ IVEGlongr, ds
Then Gronwall’s lemma combined with (8.14) give

IVL®)llcaqwy < V00l cagury €
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Then (3.2) also gives

Hp(t)Hc"a(n(t7W)) - HL(tﬂ?_l(ta .))HCO‘(H(EW)) < HL(t)HC’a(n(t,W)) an_l(t)H%oo

< HpOHCa(W) eC(T)t—I—aJ(t).

And Vp(t) = V(L(t,n7 (¢, 2))) = (VL) (t,n (¢, x)) - Vn~L(t,z). Thus,

IV oo ey < IV L ooy V07 )| oo ey < V0] ey €T,

Because
[T W ey < IV e+ IFEE D ey
< IV oo ey + VL@ gy V0 ()] F0
we also have (with the bounds above),
Hvl)(t)HCa(n(t,W) < HV(L(ta 7771(757 ')))HCQ(W) anil(t)uca(n(tw))
< Vool oy €O an_l(t)HCa(n(t,w» ;
from which (8.8) follows. O

The following lemma gives estimates for the inverse flow map. As a general rule, the
bounds on spatial (though not temporal) regularity of an inverse flow map are the same as
those for the forward flow map, just more involved to derive for non-autonomous flows.

Lemma 8.4. Let n be the flow map on [0, T] xR? for a vector v with v, Vv € L>((0,T) xR%).
Then
t
HVn_l(t)HLoo < exp/0 |Vu(T)] oo dT. (8.15)

If, further, v(t) € CY*(n(t,W)) for some open W C R? with a uniform bound over t € [0, T
then
_ (C(T)t
an l(t)HC’a(n(t,W) <e ) (8.16)

where we have not been explicit about the constant C(T).

Proof. Suppose that a particle moving under the flow map is at position = at time ¢. Let
wu(7;t, ) be the position of that same particle at time ¢ — 7, where 0 < 7 < t. Then

n~H(tx) = plttx), @ = p(0;t, )
and
STt x) = —v(t =7, u(73t, 2)).
By the fundamental theorem of calculus,

S d
plssta)—o = [ Ltrit.a) dr

or,

plsitia) =z~ [ olt = mp(rit,o)
0
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Taking the spatial gradient, we have

Vulsit,z) =T — /0 (Vo) (t = 7 (i, @) Vi(r 2 dr (8.17)

Hence,
S
[Vu(s;t,)|[pe <1 +/O Vot — 7)o VT3 t, )| oo dT
It follows from Gronwall’s lemma that
S
IVn(sit. )l < exp [ 1900t = 1)l dr (8.18)

for all s € [0,¢]. Setting s =t gives (8.15).
Now we apply (3.2) to (8.17), with x restricted to lie in n(t, W), noting that u(r;t,z) €
n(t — 7, W). This gives

V(s )| gagpe—swy) <1 +/O (Vo =)l oo + VOt = T)llga V(T3 8, )1 7ec)
V(T3 ts )l cam—rwy) 47

<1 +/0 (Vo = llga IVu(T; 8 ) ze) IVIATs 8 Ml o ioe—rawy) 4T

s
<140 [ ITum L enrenamy O
where we applied (8.18). Gronwall’s lemma gives
IVu(s; b, @) ca s,y < €xP (C(T)es)
and setting s =t gives (8.16). O
The following proposition will be used in the proof of Theorem 2.3 in Section 9.

Proposition 8.5. Let Yy be a frame pushed forward to'Y by the flow map for the solution
to (1.1, 1.4). Then

OYs+v-VYy=-Y; Vv —pYy.

Proof. Recall that be the definition of a frame, Y;(t) = Ag<qYr(t). A direct computation
from our definition of the wedge product in Section 3 (using that Vv is symmetric) gives

OYy+v-VYy=-Y; - Vou+ (diV U)Yd.

The results follows since divv = —p. (The special case when divv = 0 with (V)T in place
of Vv appears in the proof of Proposition 4.1 of [11].) d

Proposition 8.6. Let ¢ be ¢g (purely) transported by the flow, dyp+v-Veo =0. Let Y be Yy
pushed forward according to (4.4) and let Wy = Voo and W = V. Assume that Wy-Yy = 0.
Then, W - Y =0 for all time.

Proof. We have
OVo+V(v-Vo)=0.
But
(V(v- V) = 0;(v19;¢) = v? - 0;0;¢ + 0;:v70;0 = v - V (V) + (Vo) V)’
= (v-VV®)' + (Vo Ve,
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since Vv is symmetric. Hence,
Vo +v-VVep=—-VuVo,

or

% (W(t,n(t,z))) = (OW +v-VW) (&, n(t, ) = = (W - Vo) (t,n(t, x)).

Assume that Y is obtained from (4.4). Then, since,

i (Y(tv 77(157 33‘))) = (8tY tuv- VY) (tv 77(157 l‘)) = (Y ’ VU) (t7 n(tv .CL‘)),

dt
we have
d d d
o (W Y)(t,n(t,2)) = W(t,n(t,2) - — (Y (En(t,2))) + Y (& n(t,2)) - o (WKt 2)))

=W (Y -Vv)=Y - (W-Vv))(¢t,n(t x)).
But, for two vector fields, Y and Z, we have
Y - (Z-Vv)—Z- (Y -Vv) =Y"(ZIop") — ZI(Y'0) = 0,
again using that Vv is symmetric. Therefore,

SV Y (En(t,2) =0,

We conclude that if Wy - Yy =0 then W - Y = 0 for all time. ]

We will find Proposition 8.7 useful when changing variables using the flow map:

Proposition 8.7. Let p, n be as in Proposition 8.1. Then det Vn(t,x), the Jacobian deter-
minant of the map x — n(t,z) (which is positive), is bounded by

xp (— / (s, (s, )| ds) < det Vi(t,z) < exp ( / p(s.n(s, ) ds) .

The same bound applies to det Vn~1(t, ).

Proof. Fix x € R? and let f(t) = det Vn(t,z), p(t) = p(t,n(t,z)). Then (see, for instance,
page 3 of [9])

f1(t) = divo(t,n(t,2)) f(t) = —p(t) £ ().

It follows that (log f(t))" = —p(t), so since also f(0) =1,

g (0=~ [ s = s =~ [ t5)as).

This gives the bounds on det Vn(t,z). Since 7n(-,z) is a diffeomorphism, the same bounds
apply on its inverse. O
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9. PROPAGATION OF STRIATED REGULARITY: PROOF OF THEOREM 2.3

It would be quite convenient if we could implement the proof of Theorem 2.3 using the weak
solution provided by Theorem 1.2 directly. The problem is that to define the pushforward
of Yy, we need v to at least be Lipschitz so that V7 is defined (and bounded), whereas we
only know a priori that the weak solution has a log-Lipschitz v. Beyond this, we need higher
regularity than v Lipschitz to justify the transport equations in (8.3) and (8.4). Hence, we
will need to use a sequence of approximating regular solutions, (py,), and, as part of the proof,
show that there is a uniform bound on (Vvy,) in L%°((0,T) x R) so that for the limiting weak
solution, Vv will lie in L>((0,T') x R%).

This is much as in the proof of the propagation of striated regularity of the vorticity for the
2D Euler equations following any of the existing approaches in [7, 8, 20, 1]. A key difference
arises, however, in the transport equations in (8.3) and (8.4): for the 2D Euler equations
these are pure transport, whereas we must deal with a troublesome right-hand side. Also,
proof that the sequence of approximating solutions converges to a weak solution to (1.1,
1.4) will require more work than for the Euler equations because the velocity fields are not
divergence-free.

We will first establish in Proposition 9.1 a series of estimates for solutions to (1.1, 1.4)
with the initial data regularized as in Proposition 7.1. These estimates will control )} and
Y - Vv in terms of the initial data and the quantity,

V(t) = rpoHLoo+Hp.v. [ v -]
Rd L3 (R9)

The key part of the proof of Proposition 9.1 lies in establishing a useful bound on V' (t) itself
so that we can ultimately close the estimates.

We give the proof of Proposition 9.1 in Section 9.1, using it to prove Theorem 2.3 in
Section 9.2. In Section 9.3 we give the proof of Corollary 2.4.

9.1. Uniform estimates on approximating solutions. In this subsection we establish
Proposition 9.1, a series of uniform estimates for the approximating regular solutions to
(1.1, 1.4). The estimates in (9.1) through (9.4) are based primarily upon the gradient flow
structure of the transport equations in Section 8. Obtaining the estimates in (9.4) and (9.5)
will consume most of our effort.

Proposition 9.1. Let (p,) be the sequence of approximating C*%-solutions to (1.1, 1.4) for
the suitable initial density pg, as in Proposition 8.2. Let vy, n,, and YV, the corresponding
velocity field, flow map, and pushforward of Yy. Define,

V) = ol + v, [ 998~ )t

@)
For all sufficiently large n, the following estimates hold for all t € [0,T):
IVon (D)l Lo < Va(t),

[Vl e < 1Yol e efot Vn(s) ds,
Vo - Vop ()]l ga < C(T) (Va (@) [[Yn()]lga + 1),
)

V@)l e < CT) [Vollga o COIVn()ds,
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where C(T') depends continuously upon F, || po|l -~ and T. Moreover,
Va(t) < C(T)(1 - logr) + C(T)eC M o Va®dspa for any 1 € (0, 1). (9.5)

Proof. Because ||po.n|l ;0 < ||poll 00, We see that all solutions will exist on the time interval
[0,T]. It also follows that (v,) is uniformly bounded in the log-Lipschitz norm.
To streamline notation, we drop the subscript n throughout the rest of this subsection.
In what follows, Y will always be a vector field among the first d — 1 vector fields of a
frame in ). Except in the proof of (9.5), this frame will be arbitrary. Taking the supremum
of the bounds over all the frames gives the final estimates expressed in terms of ).
Equation (9.1) follows immediately from Proposition 6.1. Equation (9.2) follows from (8.2)
and Gronwall’s Lemma. By Corollary 6.3,

Y- Vo@)llga < OV [[Y[ga + [|div(pY)] o
<SCVO) [Yllga + 1Y - Vol + [lpdivY e < CV(E) [Y[lca + C(T),

where we used (8.7). This gives (9.3).

The derivations of (9.4) and (9.5) are more involved. We argue much as in Sections 10.2
and 10.3 of [1], which follows an argument in [20], but the differences with [1] are too subtle
to merely outline, so we include their complete derivations.

(9.4): Bound on Y in C% We write (8.2); as

and integrate in time, to obtain

Y(tn(t.) = Yo(o) + [ (V- Fo)(s.ns.) s

This leads to the simple bound,

1Y ()l < [Yoll e + /O 1Y - F0)(s)l| o ds. (9.6)

Using the inverse flow map, we also have

Y(tx)=Yo(n H(t,2)) + /Ot(Y -V)(s,n(s,n 1 (t,x))) ds. (9.7)
First, let us estimate ||V (n(s,n~1(¢,z)))|/ L. We start with
Osn(s, ™ (t,2)) = v(s,n(s,n 7" (t,2))).
Then
05V (n(s,n~(t,2))) = Vo(s,n(s,n (t,2))V(n(s,n ™ (£, 2))).
Integrating in time and using V(n(s,n71(¢,2)))|s=¢ = I, the identity matrix, we have

Y (s, 07 (t2))) = 1 - / Vo(r,n(r, ™ (4, 2)V (17,07 (1, 7)) dr.

S

By Gronwall’s lemma, then,

IV (s, (8 2) || oo < eXP/ IVo(T)l| oo dr Sexp/ V(r)dr.
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Thus, applying (3.2) and (9.3) to (9.7), and using (3.2) and (8.9), and adding the bound
in (9.6), we see that

Y @llcn < Wollen 977 Ol + [ 107 90l [Pntss7 D)5
< |[Yol o exp <a/0 V() dT>

+ () /Ot(ws) 1Y (5)]| e + 1) exp (a/StV(T) d7> ds.

Letting

o0 = 1Y @l oo (- | Vi) ).

we see that

y(#) < [|Yollga + C(T) exp (- /Ot V() dT) /Ot <v<s> y(s) exp /0 Vir)dr + 1)

exp (a / tV(T) dT) ds

< ol + 0w (- [ Vi) [Virusew [ vir)dras

+O(T) exp (— /0 Vi d7> /0 "exp <a / Vi dT> ds

< [Yollge + C(T) /0 V(s)y(s) ds + C(T) < C(T) + O(T) /0 V(s) y(s) ds.

It follows from Gronwall’s lemma that y(t) < ||Yp]|oa exp (C(T) fg V(s) ds) and hence that

1Y Ol < [Yolle exp (0<T> [ ve ds) ,

which is (9.4).

(9.5): Bound on V. Fix 2 € R?. We start by splitting the principal value integral part of
Vu (as in Proposition 6.1) into two parts as

_pv. / VVB(z — y)p(y) dy
(9.8)

=—p.V. / V(a,Vo)(x —y)p(y) dy — p.v. / V((1—a,)Ve)(x —y)p(y) dy,

where 7 € (0, 1] is arbitrary.
On the support of V(1 —a,) = —Va,, |z —y| < 2r, so

V(1 - a,)V®)| < [(1 - a,)VV| + [(~Va,) 0 V&) < Cla—y[ ™. (99)
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Hence, one term in (9.8) is easily bounded, using only that p(t) € L' N L™, by

p.v./V((l —a,)VP)(z —y)p(t,y)dy| < C’/Bg(x) |z —y|~[p(t,y)| dy

1
PN pee ya- - (9.10)
SC/ H(>?C|1|L)‘d YA+ Ol = 7 | o (5 ) P01

< =C(M)logr [lpoll e + C(T) llpollr < C(T)(=logr + 1).

We used (1.10) to obtain the constant, C(T).
For the other term in (9.8), letting p,, be as in Definition 3.2, we can write

'p. v. [ V(@ Ve - pott.y) dy‘ _

AILI%]V(/L}WV(I)) * p(t7$) = }llli% |B| >

where
B(t,2) ==V [(1:1V®) * p] ().

Because ) is a sufficient family, there exists a frame Yj in ) so that |Yy 4(z)| > I1(Qb)/2.
Applying Lemma 5.1 to this frame gives, at (¢, z),

where P has degree ng. Moreover, from Proposition 8.5, it follows, using (reverse) Gronwall’s
Lemma, that

Ya(t,n(t,2))| > [Yoa()| e o VOO e)ds > p(yp)etleolloe = fo Vds - (g.11)

In light of the bound in (9.2), we have (recall from Lemma 5.1 that ng = 4d — 5)
d—1

1Y@)I75 -
Bl < 07 L= Jo(V () +llp(s)ll oo )ds BY;| + |tr B
B < 5 X185+ s
t . (9.12)
< C(T)emat D o VN Byj| 4 [tr B
i=j
We first compute tr B. We have,
d d
tr B = Z 01 ®] % p + [en AR] % p = > [0 1,0 0;0] % p,
Jj= j=1
using A® = §y and p,,(0) = 0 to remove the one term. By (3.3), we have for j =1,2,--- ,d,
C p(ty C p(ty
gt <€ [ el € ot
T Jr<|z—y|<2r ]x — y| h<|z—y|<2h ‘J} - y[
C [ lpM) oo a1 el e a1
ST/T TA d)\+/ BvEu AT dA

= Cllp®)l g < C(T),
where we used (1.10). Thus,
lim |tr B| < C(T).
h—0
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We next estimate |BYj|. Because
By = O [1rn0k®) * p,
we have, for j < d,
(BY))* = BIY] = (9 [rn0x®] + p)Y]
= (01 [1rnOk®] * p)Y} — Oy [enOk®] * (0Y}) + (11705 ®)  div(pY;)

d
=0 d + (enOk®) = div(pY5).
=1

By Lemma 3.3,
k

jdf| = < CNY;(O)ll e [l oo 7

[/ Vi V8] — ) (Y () — Y;(w))o(v) dyL

and using (1.10) and (9.4), we see that
d
: k o (1) [ V(s)ds,.a
;}#E%!dzl < CIYj(O)ll e llpoll o 7 < AT VD2,
Also by Lemma 3.3 along with (8.7),

lim | (494 ®) # div(pY;)] = lim \ [ 7)) div(o3) ) dy
h—0 h—0 | JRrd

< C|div(pY))l| o T < C Y- Fpoll e CT12 < C(TY,

Thus, returning to (9.12), and noting that our bounds are independent of h, we have (now
including the explicit dependence of B on t and x),

lim | B(t, )| < O(T)r*e”™) ki Vs L o).
_>

Combined with (9.10), which applies for all z € R, we obtain,

V(t) <C( —1logr) |lpollpiqpe + sup sup lim |B(t, x)|
Yoo zeRd h—=0

<C(T)(1 —1logr) + C(T)eC(T) I40) sy
which is (9.5). -

9.2. Proof of Theorem 2.3. To prove Theorem 2.3, we will first close the bound on V,,(¢)
as in Section 10.4 of [1] to obtain a uniform bound on it, and so on [|[Vvy, || . We will then
show that our sequence of approximate solutions converges to a solution to the aggregation
equation having the same uniform bounds.

Closing the bounds. Setting

e (D [ i),

1—logr=1+ CE)(T) /Ot Va(s)ds, 1% =exp <—C(T)a /Ot Vi(s) ds> .

we have
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The bound in (9.5) thus yields the estimate,

Vo(t) < O(T) + C(T) /t Vu(s) ds. (9.13)
@ Jo

By Gronwall’s lemma, we conclude that

IV0n () oo < Vialt) < C(T)eCDat

so also, by virtue of (9.4),

198l gn < C(T) exp (C(T)eCT ), (9.14)

Convergence to a solution. What is left to show is that the sequence of regular solutions
(pn) converges to a weak solution p and that key bounds in Proposition 9.1 continue to hold
for the limiting solution. In proving this, we adapt the corresponding arguments for the 2D
Euler equations, combining aspects of the arguments in Section 8.2 of [17], pages 105-106 of
[9], and Section 10.5 of [1]. This consists of the following steps:

(i) Prove that the sequence of forward flow maps (7,) converges to a function n and that
the sequence of inverse flow maps (1, !) converges to 7~ in L>([0,T] x R?).
(ii) Define p(t,z) to satisfy (1.8) and show that p, — p in L>(]0,T]; LP(R?)) for any
p € [1,00).
(iii) Define v = —V® % p and show that n is, in fact, the flow map for v. Hence, p is a
Lagrangian solution to (1.1, 1.4).
(iv) Show that Vv € L°([0,T] x R%), giving (a) in Theorem 2.3.
(v) Show that Y € L>°(0, T; C%(R%)).
(vi) Show that p is also a weak Eulerian solution.
(vii) Show () and (¢) in Theorem 2.3.

(i)- By (8.9),
IV Ol [V O o < T(1) < O < O(T).

Moreover, for all t1,ts € [0,T],

(1, @) = M (t, )| < [Jonll oo (0,77 xmay [T1 — T2 < C(T) [t1 — L] -

That is, the sequence (n,) is Lipschitz-continuous in time and space uniformly in n, so the
Arzela-Ascoli theorem shows that a subsequence converges uniformly on compact subsets to
a Lipschitz-continuous in time and space function, 7. The analogous argument gives the same
type of convergence for the inverse flow maps 7, ! to n~! (though with lower time regularity,
an issue that will not affect us). With the compact support of the initial data it easy to see
that a subsequence converges in L>([0,7] x R%). Once we prove that in the limit we obtain
an Eulerian solution to (1.1, 1.4), for which we have uniqueneness, it will follow that these
convergences are for the full sequence; for now, we will simply reindex as needed to avoid
additional notation.

(ii). For any fixed z € R? let p(t,z) be the solution to the single-dimensional ODE,
dip(t,x) = F(p(t,x)), p(0,x) = po(a) on [0,T], and define p on [0,T] x R? by p(t,z) =
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p(t,n~1(t,z)). It follows that (1.8) holds. Therefore,

lo@;n(t,-)) = pn(t,mn(t, )] < llpo — / 1 (p(s,n(s-))) = F (pn(s, (s, )| ds

< lpo = ponll + C(T)/O lp(s,1(55)) = P8 nals, ) ds,

where we note that || - || is the L? norm and we used that p(n(s,-)) and p,(s,n.(s,-)) are
supported in some fixed compact set for all s € [0,T] because of the compact support of
the initial data and the uniform bound on (p,) in L>([0,T] x R%). But ||po — pon| — 0 as
n — oo by (ii) of Proposition 7.1 with p = 2, so Gronwall’s lemma gives that

o, n(t,-)) = pult. (. D) < llpo = poall €D = 0. (9-15)

A similar argument applied to the inverse flow map gives

() = pu ()] < [lpo(m ™1 (t, ) = pom(ny (£, ))]

' 9.16
+/0HF(p<s,n<s,n‘1(s,->>>) F (pu(s,ma (5,07 (5,-)))) | ds. (9:16)

Now,

||PO(7771(757 ) - Po,n(ﬁﬁl(ta ))H
< lpo(n™ (8 ) = pom " (&, )| + [[ oo (1 (£ ) = posn (' (2,))] -

The first term vanishes in the limit by Lemma 9.3, below, the second vanishes because
Po,n — pPo in L? and we have a uniform bound on the Jacobian, det V7,1, by Proposition 8.7.
For the time integral in (9.16), we have

1F (p(s,n(s,171(5,-)))) = F (pu(s,ma(s,m5" (5,7)) |

< C HP(SW S,1 1(57 ))) (3 7771 S nnl(sv' ))H

< (T Hpsv (5,10 (8,))) = pu(sy (5,715, (5,))) |
)Hp S TI s, M 1 Sa ))) - p(s7n(37nn1( 7)))H :
Again using that the Jacobian for the inverse map 7, ! is bounded, we have
Hp<3a 77(87777:1(37 ))) pn(s 777%(8 nn H < C HP(San(Sa )) - pn(svnn(s? ))H ’

which vanishes in the limit by (9.15). Letting f(s x) = p(s, 77(3 x)), we can write,

(s n(s, 0™ (s,)) = ps.n(smy (s || = (|07 (s.) = f (i (5,)

which vanishes in the limit by Lemma 9.3. We conclude from the dominated convergence
theorem that the time integral in (9.16) vanishes in the limit. Noting that the arguments
above using the L? norm apply for any p € [1,00), we see that

pn(t) = p(t) in L°°(0, T; LP(R?)) for any p € [1, 00). (9.17)

)

(iit). Define v = —V® % p. Then since p,(t) and p(t) are Compactly supported in some
common K (T') C R? for all ¢ € [0,T], we have, for any p € (2,00) and p’ = p/(p — 1),

lvn — UHLOO([O,T];LOO(Rd)) < ||V<I>||L,,/(2K(T)) lon — PHLoo(o,T;LP(]Rd)) — 0. (9.18)
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We see in the same way that (v,) is uniformly bounded in L>([0,T] x R%); hence, we can
apply the dominated convergence theorem to give, for any (¢,z) € [0,T] x R?,

t t
n(t,z) —x = lim (n,(t,x) —z) = lim Un (8, mn(s,2z))ds = / lim v, (s, 9n(s, x)) ds.
0

n—o0 n—o0 0 n—o0

But,

[0n (8,1 (s,2)) = v(s,n(s, )|
< Jvn(s, (s, 2)) = v(s, (5, 2))| + [v(s, 00 (s, ) = v(s, (s, 2))]
< lva(s) = v(s)l oo + [0(8: 10 (s, 7)) = v(s,n(s, 2))| .
The first term on the right vanishes by (9.18); the second vanishes because v has a log-

Lipschitz modulus of continuity and 7, — 1 in L>([0,7] x R%). In the limit, then, we see
that

t
ta) — o = [ vlsn(s.o)ds,
0
We conclude that 7 is the flow map for v and hence p is a Lagrangian solution to (1.1, 1.4).

(iv). Using the Arzela-Ascoli theorem as in (i), we know that for all ¢ € [0, 7] the sequence
(vp,) converges uniformly on compact subsets to a Lipschitz-continuous vector field. It follows
from (iii) and the uniqueness of limits that that limit is v(¢); hence, Vv € L>®([0,T] x R%).

(v). Let Yy = 1’()(],2, k < d, be any vector field from among the first d — 1 vector fields in a
frame of ). We can write (8.1) in the form, Yy - Vi, = Y, o n,. Then by (8.9) and (9.4)
with (3.2),

t
1Y - Vall ey < 1¥allgo o 190/l ey < C(T) [Vollca exp (cm /0 Vi(s) ds> ,

0 Yy - V7, is uniformly bounded in C%(R%). But for any compact subset K of R?, C%(K)
is compactly embedded in C%(K) for all 8 < a so a subsequence of (Y - V1, (t)) converges
in CP(K) to some fr(t) for all 3 < a. Letting K,, be the closed ball of radius n centered at
the origin and making a diagonolization argument, we can obtain a function f(t) € C%(R%)
for which a subsequence of (Yy - Vn,(t)) converges in Cﬁ)c(Rd) to f(t) for all 5 < a.

To show that f(t) = Yo - Vn(t), we need only show convergence of Yy - Vn,,(t) — Yo - Vn(t)
in some weaker sense. Let ¢ € C°(R?). As in (2.4) (noting that Y (¢),divY (t) € C%),

(Yo - V() ©) = —(ma(t), div(pYo)) — —(n(t), div(pYo)) = (Yo - Vn(t), ¢), (9.19)

by the strong convergence of 7, to n we established earlier. Hence, Yy - Vn,(t) — Yo - Vn(t)
as distributions, so we can conclude that f(t) = Yy - Vn(t). Since f(t) € C*(R%), we see that

Y(t)=(Yo-Vn)on ' = f(t)on"
lies in C*(R%) by (3.2).

(vi). That p is a weak Eulerian solution to (1.1, 1.4) as in Definition 1.3 follows easily from
the convergences we proved of the sequences (p,) and (vy,).
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(vii). Now let ¥;(t) be 9, transported by the flow map. Because 1;(t,z) = 1;(0)(n~ (¢, z)),
we have [[¢;(t)|| o = [|¥j(0)|| - Taking the gradient of the transport equation, d0stp; + v -
Vi; = 0, we have

OVib; + V(v - Va;) = 0.

(Note that we have assumed insufficient regularity on v; for the second term here. We
could proceed either by using the sequence of approximating flow maps as we did above,
or by making a separate approximation argument. For simplicity, however, we present this
somewhat formal approach.) But

(V(v- Vi)t = 0;(v"Oktpj) = v*O0sp; + 00 Opipy = v - V(Vhy)' + (Vo) Vap;)
= (v VV¥;)" + (Vo Vi)',
since Vv is symmetric. Hence,
HVj +v - VV; = —Vu Vipj, (9.20)

which we can rewrite as
t

V;(t, ) ZV%(Oml(tvw))—/ (VoVy;) (s, n(s,n~" (t,2))) ds.

0

Therefore,

t
IV ()l oo < V5 O0)]] oo +/0 IVo(s)ll oo V5 (8) |l oo dis.

Applying Gronwall’s lemma gives (2.1).

Noting that the level sets of both py and 1; are transported by the flow map, we see
that 1;(t) remains level-set-compatible to p(t) on the interior of supp;(t). Finally, note
that Z; € L>(0,T;C*(R%)) and is non-vanishing, which follow from Proposition 8.5 since
Zj = Yy ; and each frame lies in C*(R%). Moreover, by Proposition 8.6, Zj is parallel to
Vip;(t) for all ¢ € [0,T]. Therefore, we see that the level sets of 1;(t) retain their C1*
regularity U

Remark 9.2. It follows, much as in the proof of (v) above, that Y - Vv € C*(R?).

In the proof above of Theorem 2.3, we used Lemma 9.3, a version of continuity of the LP
norm with respect to translation.

Lemma 9.3. Let f € LP(RY), p € [1,00), be compactly supported, let (g,) be a sequence of
bounded homeomorphisms on R, and let g be a bounded homeomorphism on R%. Assume
that g, — g uniformly on compact subsets of R%. Then

fogn— fogin LP(RY) asn — occ.

Proof. This is a simple adaptation of the classical proof in which g, is translation and g is
the identity. See, for instance, Theorem 8.19 p. 134-135 of [21]. Or see Lemma 8.2 of [15] for
an explicit proof. O

9.3. Proof of Corollary 2.4. Apply Corollary 7.2 to Theorem 2.3. Since each Z;(t) is
parallel to V);(t), each is normal to the boundary; because Z;(t) € C it follows that 0€(t)
is C'he O
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10. REMOVABILITY OF SINGULARITIES: PROOF OF THEOREM 2.5

We establish in this section the higher regularity of the corrected velocity gradient, construct-
ing the matrix A of Theorem 2.5.

Proof of Theorem 2.5. Let )y be the sufficient family given by Proposition 7.1 with )
its pushforward constructed in the proof of Theorem 2.3. First, we argue locally. Let Y =
(Y1,...,Yy) be any frame in ) for which |Yy| > I()’)/2 on some nonempty open Q C R<
Define

1

A= _WYd RYy = —i}d & S/\'d on {2, (101)
d
where ?d =Y,/|Y4|, recalling that Yy = Agp<qYs.
For all i, k,
[(Ya® Ya)Yi]' = VY]V = Yi(Ya- Ye) = Y |Yal*,
SO

AYy =0for k <d, AY;=-Yy
For k < d, then,
(Vo — pA)Y) = VoY, — pAYy, = VoY, € C°,
since VoY € C% as noted in Remark 9.2. Because tr A = —1,
tr(Vo — pA) =dive — ptrA = —p(1 +tr A) = 0.

Since Vv — pA is symmetric and traceless, it follows from Lemma 5.2 that Vv —pA € C*(9).
The result then follows by using a partition of unity and the compact support of pg to
combine each local version of A. g

Remark 10.1. Because Yd(]) 1s the wedge product of d — 1 vector fields lying in C%, it also
lies in C*. Nonetheless, if u is any nonvanishing vector field parallel to Yq on Uj, even
a highly irregular one, then we see from (10.1) that A; = —u ® U, where u = u/ |u|. In
particular, transporting 1; to give 1;j(t) as in Theorem 2.3, we can use u = V); locally, so

A= —V/\wj ® 6\%, even though V;(t) is only in L>.

Proof of Theorem 2.6. The result follows from (8.8); for £ = 0 and the bound on J(¢)
that follows from the proof of Theorem 2.3 (or follows easily from (a) of its statement).
Now assume k& = 1. By Theorem 2.5, Vv — pA € C%(n(t,W)). But A € CY(R?) and
p € C*(n(t,W)) by the k = 0 result. We conclude that Vv € C*(n(t,W)) for all t € [0,T].
The result then follows from (8.8)3 and Lemma 8.4. O

11. PATCH BOUNDARY REGULARITY: COMPARISON TO [3]

We now give a brief explanation of how Corollary 2.4 is established in [3] then compare it
to our approach.
The authors of [3] first make the transformation,

§:= —%log <1 - ;) , p(s,x) :=T(T —t)p(t,x), v(s,x):=T (T —t)v(t,x).

Relabeling to return to ¢, p, v, we obtain (for F(p) = p?), in place of (1.1, 1.4),
op+v-Vp=p(p—T), v=-V®xp, p(0)=po.
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Hence, F(p) = p? is transformed to F(p) = p(p—T), the negative of the logistic map, without
changing anything else. It is easy to see that if 0 < pg < T then 0 < p(t) < T forallt € [0,T).
Moreover, when pg = 1q, since T* = 1, we can set T = 1, and it is easy to see that the
forcing vanishes for all ¢ € [0,7). Hence, for the special case of patch data, the density is
purely transported in the transformed variables. All further arguments in [3] apply then to
Op +v-Vp=0. Or, in our notation, the authors treat (1.1, 1.4) in the special case, F' = 0.
Now, even though 1;(0) € C1*(R%), it is clear from (9.20) that we cannot propagate more
than the Lipschitz regularity of ;. The authors of [3] get around this difficulty by evolving
each 1;(0) to obtain the function ¢(¢) with the nonsingular forcing term —¢lg, = —¢p:

Ohp+v-Vo=—¢p, ¢(0) = o :=1;(0).

Here, ¢ defines one component of 0f2, where it vanishes and has non-vanishing gradient.
Setting Z = V¢, and using that ¢Vp = 0, a calculation like that in (9.20) gives

0Z+v-VZ =-NvZ —pZ. (11.1)

A priori, we only know that Z(t) € L>, just as with Vi; of Theorem 2.3. But the term
—pZ, in effect, cancels the term V& x div(pZ) appearing in Corollary 6.3. Hence,

hZ(t,x)+ (v-VZ)(t,x) = ; Vip(z —y) (Z(t,xz) — Z(y,t))dy, z€RY

which implies that

1Z®)llcn < [Veollca exp (o [a+ ||VU(5)||L°°)dS> |

This gives the C1® regularity of the patch boundary.

In light of (2.2) and Proposition 8.5, we see that the authors of [3] are using the last vector
field in a frame without ever employing the first d — 1 vector fields. They are able to do this
because they can use the transport properties of ¢ to explicitly solve for what we call Z (in
terms of the flow map) inside and outside €; and ultimately show that it has higher regularity
in the normal direction than at first appears. It is critical in their argument, however, that ¢
vanish on 0f2, thereby eliminating the singularity that would otherwise be in —V(¢p). Their
approach could be extended, for example, to nested sums of vortex patches without great
difficulty, simply by choosing ¢ to have a successive series of zeroes at the boundary of each
vortex patch. (F would no longer vanish entirely, but it would take on only discrete values, a
minor complication.) But this would not work for initial densities whose level sets are C1¢
but which have no regularity at all in directions perpendicular to the level sets, which we
allow in Theorem 2.3. Any choice of ¢y that vanishes on these level sets would necessarily
vanish on open sets, and hence the level sets would not be regular points of ¢q.

Hence, it appears unavoidable to bring in the idea of pushing forward a frame, then using
the C'“ regularity of the vector fields in the tangential direction to obtain the C® regularity
of Z. This is the idea that Chemin [8] brought to bear on the vortex patch problem for the
2D Euler equations.

Another key difference between [3] and this paper is that Picard iteration on paramater-
izations of the boundary of the patch is used in [3], which avoids the need to regularize the
initial data—an issue that was perhaps the most troublesome in our approach. But applying
Picard iteration with the initial data in Theorem 2.3 has its own, seemingly insurmount-
able difficulties, especially in face of the complicated structure of the transport equations in
Section 8.
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